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INTRODUCTION 
The calculation of the impedance of a right-cylindrical air-core coil placed next to 
a flat plate of a uniform polycrystalline metal alloy is a canonical problem in quantitative 
eddy-current inspection. Cheng [1] and Dodd and Deeds [2] proposed a widely-used 
solution for a coil next to a semi-infinite half-space of metal, which agrees quantitatively 
with impedance measurements made for a wide variety of thick but nonmagnetic metal 
plates. Said plates were assumed to have a uniform and frequency-independent 
conductivity, cr. The same authors proposed a similar solution for ferromagnetic metals 
(such as iron, steel and nickel), characterized by both a uniform cr and a nontrivial uniform 
permeability /l. 
In this paper, we report quantitative measurements of the impedance of right-
cylindrical air-core coils placed next to well-characterized thick plates of commercially 
pure Ni and Fe as well as Ni-Fe alloys and a variety of medium carbon (nominally type 
1090) steels used as rails. We compare the results of our measurements with calculations 
[1,2] for coils next to half-spaces that have an otherwise uniform, frequency-independent 
!l and cr. Large discrepancies between the measurements and calculations are reported. 
Ferromagnetic polycrystalline metals are generally idealized as structureless 
continua for the purpose of analyzing eddy-current data. Material properties enter via a 
frequency independent conductivity cr and the nonlinear relation between the magnetic 
induction and the magnetic field, B=B(H). Magnetic fields used for eddy-current 
inspection are generally weak and it is generally assumed that B and H are linearly related 
via the initial permeability 
B(r, w) = J d 3r' ~(r,r' ,w)· H(r' ,w) (1) 
Here, I::!:. is a tensor (possibly complex) that is in general a function of the position 
coordinates, r and r', and the angular frequency roo Many authors further assume that I::!:. 
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is isotropic, i.e. proportional to the unit tensor. If one now further assumes that #:. is a 
local, constant and frequency-independent function, i. e. 
l;!,(r,r', OJ) = Ill, (2) 
we obtain the model mentioned in the first paragraph. There are obviously many places 
where errors can intrude to belie the idealization described above. The existence of 
discrepancies between theory and experiment is not unexpected, given the simplifYing 
assumptions made by idealizing the magnetic properties of the plate in terms ofa 
permeability that is independent of both frequency and position. We will discuss the 
possibility of improving the agreement between theory and experiment by removing one or 
the other of these simplifications. 
The structure of this article is as follows. First, we introduce the calculation 
method. Second, we describe the measurement system. Third, we present the results and 
our data analysis. Fourth, we assume that !l is constant throughout the sample, but may 
depend on the frequency, and extract a frequency-dependent !l for f= I kHz to 200 kHz. 
These estimated values of the frequency-dependent permeability are significantly less than 
either measured or handbook values of the dc permeability. Finally we conclude the paper 
with a brief summary and discussion. 
THEORETICAL MODEL 
The measurements that will be reported below were modeled as follows. We 
imagine a semi-infinite half-space of metal that is characterized by an otherwise uniform, 
real, frequency-independent conductivity and permeability, a and!l. A right-cylindrical 
coil is imagined next to the planar interface that separates the metal and free space. The 
conductivity offree space is taken to be zero, while the permeability offree-space is 
denoted by !lo. We further imagine that the impedance of the coil is obtained for this 
configuration, as well as for the coil in free-space alone. The difference of these two 
measurements (i.e., the change in impedance caused by placing the probe next to the 
metal) is modeled by 
Here, !lR = !l / !lo is defined to be the relative permeability, while u 1 (the wave vector in 
the metal) is given by 
The dimensions of the coil enter in the functions M, A and K, which are defined next. 
First, 
fir, 
M( a) == f x.Mx)dx 
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(3) 
(4) 
(5) 
where r I and r2 denote the inner and outer radii of the coil. Second 
A(a) == (e- dli - e- dl,) 
, (6) 
where hi denotes the height of the bottom of the coil above the metal (i.e., the lift oft) and 
~ denotes the height of the top of the coil. Finally, 
(7) 
where n denotes the number ofturns of wire that constitute the coil, and L = ~ - hi. 
IMPEDANCE MEASUREMENTS 
Measurements were performed using an automated eddy-current work station [3]. 
The complex impedance of the coil was determined with a Hewlett Packard HP 4194A 
impedance analyzer. Measurements were made at 100 equally-spaced frequencies that 
ranged from 1 to 300 kHz. Two precision-wound and nearly right-cylindrical coils were 
used as probes. The first, denoted Probe A, was relatively large; the second was smaller 
and denoted Probe L. Measurements were taken first with the probe in air, then with the 
probe in firm contact with the surface of the specimen. Data are reported here as the 
difference of the two complex impedances, I'!.Z=Z metal - Zai<. 
Since we are interested in the initial permeability of the samples, it is important that 
the magnetic fields produced by the coils should be sufficiently weak that the relation 
between Band H is linear. In fact, the computed values of the coil's magnetic field are 
quite small «1 Oe). Furthermore, we measured the impedance of the nickel sample using 
input currents that varied in magnitude by a factor often. The resulting impedances were 
found to be independent of the amplitude of the current, which confirms the required 
linearity. The dimensions of the coils are given in Table 1. 
SPECIMENS 
Samples consisted, in part, of several 99.99% commercially pure nickel rods that 
were all cut from the same bar of material. One rod was then fashioned into a ring suitable 
for use as a transformer. After cutting, the Ni samples were vacuum annealed for two 
hours at a temperature of 1073 kelvins and furnace cooled. The Ni samples were also 
carefully demagnetized. A very low frequency ( 0.03 Hz), transformer-based 
measurement was used to determine the relative initial permeability of the Ni ring sample. 
The result was found to be PR ~ 300. Other samples were obtained from metal specimens 
that were readily available and include 99.99% commercially pure iron, a variety oflow 
carbon steels, as well as two iron-nickel alloys, Fe(3% Ni) and Fe(46%Ni). These other 
samples were measured in the "as is" condition, i.e., no attempt was made to anneal or 
demagnetize them. Table 2 lists the samples, their conductivity and "handbook" values of 
the relative initial permeability. The last column lists values of the relative initial 
permeability as estimated from the impedance measurements; these data will be discussed 
more extensively below. 
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Table 1. Geometry of the coils used. 
Probe A L 
Number ofTums, n 504 235 
Inner Diameter, 2 r l 7.6mm 1.07mm 
Outer Diameter, 2 r 2 11.27 mm 2.62mm 
Lift OH: hI 0.125 mm 0.62mm 
Coil Length, L 2.42mm 2.93mm 
Table 2. List of samples, their resistivities, handbook ~R and estimated ~R . 
Sample Nominal Resistivity Handbook Relative Estimated Relative 
(10-8 n.m) Initial Permeability Initial Permeability 
~R ~R 
Ni(99.99%) 8.9 400 135 
Fe (ARMCO) 7.2 250 90 
Fe(3%Ni) 12 
- -
Fe(46%Ni) 40 3000-6000 100-125 
RESULTS 
Measured values of the imaginary component of the impedance are plotted as a 
function of frequency in Fig. 1 for Ni, Fe(3%Ni), Fe(46%Ni) and for AI, which is a 
nonmagnetic metal. The reactance of the ferromagnetic samples is positive and increases 
at relatively low frequencies; at higher frequencies the reactance begins to decrease, 
crosses zero, and then becomes increasingly negative. In contrast, the reactance of the 
nonmagnetic aluminum sample is never positive and becomes increasingly negative as the 
frequency increases. The positive-going portion of the curve and the zero-crossing are 
signatures of the ferromagnetic nature of the sample and will be used to estimate the 
relative initial permeability. The real (resistive) component of the impedance was 
observed to be a simple, monotonically increasing function of the frequency that was 
relatively insensitive to the magnetic nature of the sample. It will not be displayed or 
discussed further in this brief paper for lack of space. 
We also studied the theoretical model (Eqs. 1 - 7) of the coil's impedance, which 
assumed a frequency-independent and spatially-constant relative permeability. We found 
that the general features of the impedance described in the last paragraph were reproduced 
by the model. In addition, we found that for the frequencies and coils used in this study, 
the impedance is predicted to depend, very nearly, solely upon the ratio WO", a fact that 
was noted earlier by Dobmann et al. [4]. Furthermore, we found that the frequency of the 
zero-crossing depends almost linearly upon WO". Hence, the model suggests a method for 
determining WO", once the zero-crossing frequency is known. 
Figure 2 shows that the measured impedance is inconsistent with our model 
calculation. This figure compares the measured value of the impedance of coil A for the 
Ni sample with the results computed from the model using the measured static value of the 
relative permeability, IlR = 300. The curves are markedly different; e.g., the experimental 
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Figure l. Shows the imaginary part of the impedance of Probe A for samples listed in 
Table 2, for frequencies ranging from 10 kHz to 300 kHz. 
curve reaches a relative maximum of + 100 n and crosses zero at 135 kHz, while the 
theoretical curve reaches a relative maximum of 220 n and crosses zero at> 300 kHz. 
On the other hand, both curves share the same general shape. These results seem clearly 
to invalidate a model that assumes the permeability is spatially uniform inside the plate and 
independent of frequency from 0.03 Hz to 300 kHz. 
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Figure 2. Shows the measured and calculated changes in the reactance of a coil placed 
next to the flat end of a vacuum annealed and carefully demagnetized Ni rod. The static 
relative initial permeability of 300 was measured independently. 
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Figure 3. Shows the measured and calculated changes in the reactance of a coil placed 
next to the flat end of a vacuum annealed and carefully demagnetized Ni rod. The relative 
permeability of 145 used in the theory was fit to the experimental data. 
We also determined the spatially uniform and frequency-independent permeability 
that best fit the zero-crossing in the Ni data. Figure 3 shows the fit to the experimental 
data when the relative permeability is assumed to take the value of 145. As is evident, 
even though the calculated values of the impedances are somewhat smaller than the 
experiment, the fit is reasonably good. Table 2 lists the relative permeability estimated in 
this way for the Ni, Fe and FelNi alloys that we studied. In each case the fitting value for 
the relative permeability is much less than the handbook value. In the case of Fe( 46%Ni), 
the handbook value of the permeability is between 3000 and 6000, while our fitting value 
was much smaller, 100 - 125. 
FREQUENCY-DEPENDENT PERMEABILITY? 
We have found, as shown in Fig. 2, that it is impossible to fit the measured 
impedance between 10 and 300 kHz using the permeability measured at 1/30 Hz. There 
are many idealizations of the magnetic properties involved in obtaining the model used for 
the calculations, e.g., (1) frequency independence, (2) spatial uniformity, and (3) spatial 
isotropy. It would be reasonable to relax each of these assumptions independently to 
determine whether one of them provides the dominant contribution to the discrepancy 
between theory and experiment. 
We will begin this study in the final part of this paper, where we assume that the 
permeability depends on the frequency, and is consequently a complex quantity. 
However, we continue to assume that the permeability is spatially uniform and isotropic 
throughout the plate. That is, 
Our purpose is to extract the hypothesized frequency-dependent complex 
permeability at each frequency from the measured real and imaginary parts of the 
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(8) 
impedance. We determined III and IlR by computing /t,.Z from Eq. 3 using Eq. 8, and 
fitting the result to the data at each frequency. 
The real part of the permeability, as determined above, for the demagnetized and 
vacuum annealed Ni sample is shown in Fig. 4. Measurements were made with two 
different samples, both prepared in the same way. In addition, measurements were made 
with both the relatively large Probe A and the relatively small Probe L. For frequencies 
above 10 kHz, the results were completely consistent. They show an estimate for IlR of 
approximately 165 at 10 kHz. This estimate decreases smoothly and monotonically to IlR 
=140 at 200 kHz. These estimated values of the permeability are consistent with the value 
of 135 that was obtained by fitting the measured data to a frequency-independent 
permeability as shown in Fig. 3. Some drop offin the estimated permeability occurs at the 
very lowest frequencies (especially for Probe L). This decrease in apparent permeability 
arises owing to a loss of accuracy in the data fitting method; these values must be 
considered unreliable and are only shown to illustrate the difficulties that arise at low 
frequencies. These problems can be systematically removed by using larger coils. The 
estimated low frequency (1130 Hz) permeability is 300 and is shown on the y-axis. The 
large difference between the low frequency permeability and the eddy-current estimates 
for Il are unexplained. If the model of a frequency-dependent but spatially uniform 
permeability is accurate, we surmise that the permeability may increase by a factor of two 
as the frequency is decreased from 10kHz. 
Finally, estimates of the permeability for a variety of medium carbon rail steels are 
shown in Fig. 5. Estimated permeabilities were relatively independent of frequency and 
ranged from 40 to 70. 
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Figure 4. Shows real part of the relative initial permeability for 99.99% commercial Ni 
that was vacuum annealed and demagnetized. 
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Figure 5. Shows the real part of the estimated relative initial permeability for a variety 
of medium carbon steels. 
SUMMARY 
From this study, two principal conclusions emerge: first, handbook values of the 
relative initial permeability are inappropriate for quantitative modeling of eddy-current 
inspection of ferromagnetic metals. Second, static values of the initial relative 
permeability are also inappropriate. These conclusions lead us to pose the following, open 
question: ''How does one estimate the eddy-current skin depth in ferromagnetic metals?" 
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